Is it possible to clone using an arbitrary blank state? 
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Abstract 

We show that in a cloning process, whether deterministic inexact or probabilistic exact, 
one can take an arbitrary blank state while still using a fixed cloning machine. 

Quantum information cannot be cloned. There cannot exist a machine which can produce two (or 
more) exact copies of an arbitrary state in a deterministic manner ^ . RepHcation is not allowed 
even when the input state is taken at random from a given set of two non-orthogonal states ||^ . 
It has been further shown that probabilistic exact cloning is not possible if the input state is from 
a given linearly dependent set ||^. 

Although exact cloning is not possible, one can approximately clone an arbitrary input state 
|@j H) ||j 0|- 111 this scheme a fixed state is taken as the blank state, depending on which and the 
initial machine state, the cloning operation is constructed. We extend this operation such that 
any arbitrary (pure or mixed) state, taken as the blank copy, can do the job. 

The optimal universal 1^2 inexact qubit doner of Brufiei a/.[|| takes an arbitrary qubit {ip\ = 
^{I + V. CT*) along with a fixed blank state \b) and a machine state \M) as input. An entangled 
state of the three qubits is produced as the output such that the reduced density matrices of the 
first two qubits are two similar approximate copies p = ^(/ + ri~i .'a') of li/;) (-01 with ij — ^. The 
unitary operator realizing this process is defined on the combined Hilbert space of the input qubit, 
the blank qubit and machine by 

U' |0) \b) \M) y||00) |m) + ^1(101) + |10)) M 

U' |1) |6) |A/) = \m^) + ^1(101) + |10)) |m) (1) 

where \b) is a fixed blank state (in a two-dimensional Hilbert space), |M) is the initial state of the 
machine, |m) and \m±) being two mutually orthonormal states of the machine Hilbert space. The 
two clones are to surface at the first and second qubits. Note that the machine has turned out to 
be a qubit. 

As it stands, the unitary operator U' depends on the blank state |6) and the machine state |M). 
And the quality of the clones could be badly affected if \b) gets changed to an unknown state, say 
by some environment-induced decoherence. We show that by suitably constraining the unitary 
operator it is possible to keep the clones intact, even in this changed scenario. After deahng with 
the 1^2 qubit doner, we show that the same is true for the most general doner, the N ^ M 
qudit (elements of a d-dimensional Hilbert space) doner. We carry over these considerations to 
the case of probabilistic exact cloning. 

Let us suppose that for the 1^2 qubit doner, the machine state \M) belongs to a four-dimensional 
Hilbert space. And let the unitary operator U be defined on the combined Hilbert space of the 
input qubit, blank qubit and the four-dimensional Hilbert space of the machine by 

U\Q) \h) \M) = y||00) |Mo) + y|(|01) + |10)) \hh) 
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where {Mi\ Mj) = Sij (i, j = 0, 1, 2, 3) and (6| bi_) = 0. 

Let \B) = c\b) + d\b±) be an arbitrary pure state of the Hilbert space of the blank qubit. Then 
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are orthogonal. This form is exactly the same as in equation (1). Thus an arbitrary input qubit 
IV') would be just as well cloned by equation (2) as it would be through equation (1). 

We now consider the most general cloning machine, the one that produces M approximate copies 
of the input, when N{< M) d-dimensional inputs are provided |m|. The corresponding unitary 
operator need only be defined on the symmetric subspace^ of the cP-dimensional Hilbert space of 
the N input qudits. It is defined by M 



U'nm \-rt)®\R) 
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(3) 



where ft = (ni, 712, n^), is a completely symmetric and normaHsed state with systems 
in \i) with Y.'i^i ni = N ,~j = (ji, j2, jd) with Yfk=i Jk ^ M-N, \R) denoting the combined 
state of the M — N fixed pure rf-dimensional blank states \bd) and the initial state \M) of the 

cloning machine and 



) denoting the orthonormal states of the cloning machine. And 
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There are s equations required to define U'j^j^j, where s is the dimension of the symmetric subspace 
1^ . The required dimension of the machine is D — (^^fZ^yl^jZ^iy ■ 

Now we proceed as we had done for the 1^2 qubit doner. If we want to allow an arbitrary pure 
state (possibly entangled) of the ci^''^~^-dimensional Hilbert space of the blank states to act as the 
new blank state and still produce the same outputs, we have to use a (D x d*^^^)-dimensional 
machine. The new unitary operator Unm satisfies, along with the s equations in (3), {d^^~^ — l)s 
more equations corresponding to the d^~^ — 1 more blank states on which the new operator is 
to be defined. Then by linearity, for an arbitrary pure blank state \Bi), we would have 
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■'The symmetric subspace is defined by the linear span of the set of all tensor product states \ip) \ip) 55 ...A'' 
times, \ip) being any d-dimensional state. 



2 



where are orthonormal states of the machine. This has the same form as eq. (3) and thus 
would be equally efficient in producing the requisite approximate copies. 

Similar considerations carry over to the case of probabilistic exact cloning. Although we only 
consider the case qubits, the considerations carry over to higher dimensions. In the case of qubits, 
instead of the U[ defined by|^ 

U[ l^o) \b) \M) - V7lV^o) iV-o) \m) + 

U[ \b) |M) = V7|^i) IV'i) |m) + yT^|$) 

with 7 = 1/(1 + KV'ol and |$) are orthogonal), \ipo), being two non-orthogonal 

states which are to be probabilistically cloned, we define Ui as 

Ui \^Po) \b) \M) = V7lV'o) IV'o) |A/o) + ^T^\<P) 

Ui IV'i) \b) \M) = V7lV'i) IV'i) |A^o) + v/T^|$) 
Ui IVo) \b±) \M) = V7l^o) IV'o) + v/T^|$') 
Ui l^i) \bj_) \M) = V7l^i> li'i) \Mi) + v/T^|$') 
where \Mo), \Mi), |$), 1$') are mutually orthogonal. Then 

C/i IVo) \B) \M) = V7l^o) IV'o) \m') + yT^|$") 



Ui \iJi) \B) \M) - VtIV-i) IV'i) \m') + v/T^|$") 

for an arbitrary blank qubit \B) = c\b) + d\b±) so that |m') = c\Mo) + d\Mi) and |$") = 
c 1$) + d |<i>') are orthogonal states. Consequently, the probabiHstic cloning goes through with the 
same optimal efficiency even if we use an arbitrary blank pure qubit. 

As we have mentioned, the main motivation behind consideration of an arbitrary blank state was 
decoherence. Decoherence, however, usually produces mixed states. But in our discussion we have 
only considered pure states. We now show that the input blank state could as well be an arbitrary 
mixed state. For definiteness, let us consider only mixed qubits. Any such mixed state can be 
written as p = ai |ai) (ai| + 02 |a2) (02! where ai, a2 > 0, ai + 02 = 1 and (oi |a2) — 0. Since 
|ai) and |a2) are pure states, by linearity it follows from (2) that the same unitary operator that 
allowed an arbitrary pure blank state, would just as well clone even when the blank state is a 
mixed qubit. 

To summarize, we have shown that an unknown blank state can be used for cloning, whether it is 
deterministic inexact or probabilistic exact. 
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